In a recent paper [5] , we introduced a classes of derived equivalences called almost ν-stable derived equivalences. The most important property is that an almost ν-stable derived equivalence always induces a stable equivalence of Morita type, which generalizes a well-known result of Rickard: derived-equivalent self-injective algebras are stably equivalent of Morita type. In this paper, we shall consider the compositions of almost ν-stable derived equivalences and their quasi-inverses, which is called iterated almost ν-stable derived equivalences. We give a sufficient and necessary condition for a derived equivalence to be an iterated almost ν-stable derived equivalence. As a consequence, we get a new sufficient condition for a derived equivalence between general finite-dimensional algebras to induce a stable equivalence of Morita type.
Introduction
Derived equivalence and stable equivalence of Morita type (see [2] ) are two fundamental types of equivalences between algebras. Both of them preserve many invariants. For self-injective algebras, there is a well-known result of Rickard [11] , which says that a derived equivalence between self-injective algebras always induces a stable equivalence of Morita type. But this is not true for non-selfinjective algebras in general. Thus, a study of the relationship between derived equivalences and stable equivalences of Morita type from a general point view is of particular interest. Moreover, both derived equivalence and stable equivalence of Morita type are closely related to Broué's Abelian Defect Group Conjecture, which says that a block B of the group algebra of a finite group G is derived-equivalent to its Brauer correspondent b provided the defect group of B is abelian (see [9] ). This makes the two concepts more attractive.
In [5] , we introduced a class of derived equivalences called almost ν-stable derived equivalences. Let F be an almost ν-stable derived equivalence between two finite-dimensional algebras A and B over a field. The most important property is that F induces a stable equivalence of Morita type φ F between A and B, which generalizes a classic result of Rickard: two derived-equivalent finite-dimensional selfinjective algebras over a field are stably equivalent of Morita type. For each derived equivalence F , we use F −1 to denote a quasi-inverse of F . Let us first recall the definition of almost ν-stable derived equivalences. Let F : D b (A) −→ D b (B) be a derived equivalence between two Artin algebras A and B. Then F is called an almost ν-stable derived equivalence if the following hold:
(1)The tilting complex T • associated to F has the following form:
In this case, the tiltingT • associated to F −1 has the following form (see [5, Lemma 2.1]):
, where ν is the Nakayama functor.
If a derived equivalence is a composition
being an almost ν-stable derived equivalence for all i, then F is called an iterated almost ν-stable derived equivalence.
The main purpose of this note is to give a sufficient and necessary condition for a derived equivalence F to be iterated almost ν-stable. For each complex T • over an algebra A, we use T ± to denote i =0 T i . The main result of this note can be stated as the following theorem. 
As a consequence, we have the following corollary. Another consequence is the following corollary on homological dimensions. Similarly as we have done in [5] , one can inductively construct iterated almost ν-stable derived equivalences (see Corollary 4.2 below). This paper is organized as follows. In Section 2, we shall recall some notations and basic facts. Theorem 1.1 will be proved in Section 3 after several lemmas. Finally, in Section 4, we shall deduce some consequences and remarks.
Preliminary
In this section, we shall recall basic definitions and facts required in our proofs.
For two functors F : C → D and G : D → E of categories, their composition is denoted by GF . For an object X in C, we denote by add(X) the full subcategory of C consisting of all direct summands of finite direct sums of copies of X.
Throughout this paper, unless specified otherwise, all algebras will be Artin algebras. All modules will be finitely generated unitary left modules. For an algebra A, the category of all modules over A is denoted by A-mod; the full subcategory of A-mod consisting of projective (respectively, injective) modules is denoted by A-proj (respectively, A-inj). We denote by D the usual duality on A-mod. We denote by ν A the Nakayama functor DHom A (−, A) : A-proj −→ A-inj.
Let C be an additive category. We use X • to denote a complex · · · −→ X i−1 −→ X i −→ X i+1 −→ · · · . The category of complexes over C is denoted by C (C). The homotopy category of complexes over C is denoted by K (C). When C is an abelian category, the derived category of complexes over C is denoted by D(C). The full subcategory of K (C) and D(C) consisting of bounded complexes over C is denoted by K b (C) and D b (C), respectively. As usual, for a given algebra A, we simply write
It is well-known that, for an algebra A, K b (A) and D b (A) are triangulated categories. For basic results on triangulated categories, we refer to Happel's book [3] . Throughout this paper, we denote by X[n] rather than T n X the object obtained from X by shifting n times. In particular, for a complex
is obtained from X • by shifting X • to the left by one degree.
Let A be an algebra. A homomorphism f : X −→ Y of A-modules is called a radical map if, for any module Z and homomorphisms h : Z −→ X and g : Y −→ Z, the composition hf g is not an isomorphism. A complex over A-mod is called a radical complex if all its differential maps are radical maps. Every complex over A-mod is isomorphic in the homotopy category K (A) to a radical complex. It is easy to see that if two radical complex
Two algebras A and B are said to be derived-equivalent if their derived categories D b (A) and D b (B) are equivalent as triangulated categories. In [10] , Rickard proved that two algebras are derivedequivalent if and only if there is a complex
satisfying the above two conditions is called a tilting complex over A. It is known that, given a derived equivalence F between A and B, there is a unique (up to isomorphism) tilting complex T • over A such that F (T • ) ≃ B. If T • is a radical complex, it is called a tilting complex associated to F . Note that a tilting complex associated to F is unique up to isomorphisms in C b (A).
The following lemma is useful in our later proof. For the convenience of the reader, we provide a proof.
Lemma 2.1. Let C and D be two additive categories, and let F :
Proof. We use induction on the number of non-zero terms of X • . If X • has only one non-zero term, then it is obvious. Assume that X • has more than one non-zero term. Without loss of generality, we suppose that X • is the following complex
Applying F , we get a distinguished triangle in K b (D):
This finishes the proof.
be a derived equivalence between two algebras A and B. F induces an equivalence F : K b (A-proj) −→ K b (B-proj). So, for a bounded complex of projective A-modules, we can use the above lemma to calculate its image under F .
Iterated almost ν-stable derived equivalence
In this section, we shall give a proof of our main result Theorem 1.1, which characterizes iterated almost ν-stable derived equivalences in terms of tilting complexes. For this purpose, we need some lemmas.
Recall that for a bounded complex X • over an Artin algebra A, we use X ± to denote the A-module i =0 X i . For an Artin algebra A, let A E be a direct sum of all those non-isomorphic indecomposable projective A-modules P with ν i A P being projective-injective for all i 0. The A-module A E is unique up to isomorphisms, and is called the maximal ν-stable A-module. If A Q is an A-module such that add( A Q) = add(ν A Q), then clearly A Q ∈ add( A E). Similarly, for another algebra B, we use B E to denote the maximal ν-stable B-module. (
Proof. Clearly, we have (1) ⇒ (2). It remains to show that (2) implies (1). Now we assume (2) holds. 
Since T −1 is injective, the map d −1
T is a direct summand of T 0 and the original map d Thus, T i is a direct summand of X i for all i < 0, and consequently Q 1 = i<0 T i ∈ add(ν A Q 1 ). Since Q 1 and ν A Q 1 have the same number of non-isomorphic indecomposable direct summands, we have add( A Q 1 ) = add(ν A Q 1 ). Let Q 2 := i 0 T i . Similarly, we have add( A Q 2 ) = add(ν A Q 2 ). Hence (2) ⇒ (1).
In the following, we shall use Lemma 3.1 freely.
be a derived equivalence between two Artin algebras A and B, and let T • andT • be the tilting complexes associated to F and F −1 , respectively. If add(T ± ) = add(ν A T ± ) and add(T ± ) = add(ν BT ± ), then F induces an equivalence between K b (add( A E)) and K b (add( B E)).
Proof. The complex F (
. Hence there is a chain map η fromT • 1 to ν BT • 1 such that the mapping cone con(η) is cyclic. By our assumption, allT i 1 with i = 0 are in add( B E). Thus, all the terms of con(η) in non-zero degree terms are projective-injective. Hence con(η) splits, and therefore ν BT (add( B E)) . Similarly, we can show that F −1 ( B E) is isomorphic to a complex in K b (add( A E)) and the lemma is proved.
The following lemma is useful in the proof of Theorem 1.1. (
Proof. We only need to show thatT ± ∈ add( C E), the other statement follows by symmetry. By definition,T • is isomorphic to GF (A) ≃ G(P • ). SinceP i ∈ add( B E) for all i = 0, by Lemma 3.2,
, and consequentlyT ± ∈ add( C E).
Finally, we have the following lemma which is crucial in the proof of our main result. 
Since P • is a tilting complex, by the second condition in the definition of a tilting complex, each indecomposable projective A-module A U is a direct summand of some term of Q • . By the above discussion, we see that 
to the tilting complex P • associated to F G. Since both Z • and P • are in K b (C-proj), they are isomorphic in K b (C-proj). Since P • is a radical complex, the term P i is a direct summand of Z i for all i, and consequently P • has the desired property.
We are now in the position to give a proof of our main result.
Proof of Theorem 1.1. Assume that F is an iterated almost ν-stable derived equivalence. Let
is an almost ν-stable derived equivalence. Then by Lemma 3.3, we have add(T ± ) = add(ν A T ± ) and add(T ± ) = add(ν BT ± ). Conversely, assume that add(T ± ) = add(ν A T ± ) and add(T ± ) = add(ν BT ± ). By Lemma 3.4, there is an almost ν-stable derived equivalence G : D b (C) −→ D b (A) such that the tilting complex P • associated to F G has the property that P i = 0 for all i > 0 and P i ∈ add( C E) for all i < 0. By Lemma 3.1, we have add( i<0 P i ) = add( i<0 ν C P i ). LetP • be the tilting complex associated to G −1 F −1 . By Lemma 3.3, we have add(P ± ) = add(ν BP ± ). Since P i = 0 for all i > 0, by [5, Lemma 2.1], we haveP i = 0 for all i < 0. Hence F G is an almost ν-stable derived equivalence. Thus, F ≃ (F G)G −1 is an iterated almost ν-stable derived equivalence. 
Remark

Applications and inductive constructions
In this section, we shall give some applications of iterated almost ν-stable derived equivalences. We shall also give some inductive constructions of iterated almost ν-stable derived equivalences.
Let A be an Artin algebra. We denote by gl.dim(A) to denote the global dimension of A, which is the supremum of the projective dimensions of all finitely generated A-modules. The finitistic dimension of A, denoted by fin.dim(A), is defined to be the supremum of the projective dimensions of finitely generated A-modules of finite global dimension. The finitistic dimension conjecture states that fin.dim(A) should be finite for any Artin algebra A. Concerning the new advances on the conjecture, we refer the reader to the recent paper [13] .
The representation dimension of A, denoted by rep.dim(A), is defined by Remark: (1)An immediate consequence of the above proposition is that finitistic dimension, global dimension, representation dimension and dominant dimension are all preserved by iterated almost ν-stable derived equivalences.
(2) Note that for two derived-equivalent algebras A and B, the relationship between the representation dimensions of A and B are not known in general. Proposition 4 tells us we can compare the representation dimension of A with that of B when the condition add(T ± ) = add(ν A T ± ) is satisfied.
Similar as we have done in [5] , we can inductively construct iterated almost ν-stable derived equivalences. Namely, we have the following proposition. (1) For each A-module X, there is an iterated almost ν-stable derived equivalence between End A (A⊕ X) and End B (B ⊕ φ F (X));
(2) For a finite-dimension self-injective k-algebra C, there is an iterated almost ν-stable derived equivalence between A ⊗ k C and B ⊗ k C.
Proof. This is an immediate consequence of [5, Corollary 1.3] and the definition of iterated almost ν-stable derived equivalences.
